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Abstract
The demagnetization factors for randomly packed spherical particle powders with different porosities, sample
aspect ratios and monodisperse, normal and log-normal particle size distributions have been calculated using
a numerical model. For a relative permeability of 2, comparable to room temperature Gd, the calculated
demagnetization factor is close to the theoretical value. The normalized standard deviation of the magnetization
in the powder was 6.0%-6.7%. The demagnetization factor decreased significantly, while the standard deviation
of the magnetization increased, for increasing relative permeability.
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Measuring the magnetic response of a sample when it is
subjected to a uniform external magnetic field is fundamental
in studying the magnetic properties of a material. For ellip-
soidal bodies the internal magnetic field in the material will
be uniform when subjected to a uniform external field, and
can be calculated analytically [1]. This is also the case for an
infinite sheet or an infinite cylinder, but in general this is not
possible for other geometrical shapes.
In general the internal magnetic field, H, in a sample can
be expressed in terms of the externally applied field Happl, as
H=Happl−N ·M (1)
where M is the magnetization and N is the demagnetization
tensor. Usually, this equation is expressed as a scalar equation
where the demagnetization tensor is replaced by an average
demagnetization factor, N. For a cuboid sample1, the mag-
netization throughout the sample will not be uniform, but
an approximate analytical expression exists for the average
demagnetization factor [2], which has also been verified nu-
merically [3]. The non-homogeneous demagnetization field
can be visualized directly using thermography and the mag-
netocaloric effect[4]. For packed sphere powders, the aver-
age demagnetization factor has been calculated for regular
packings, i.e. simple-cubic, body-centered-cubic and face-
centered-cubic packed spheres [5]. Assuming homogeneous
magnetization, it has also been calculated for aggregates of
particles in a matrix [6]. Besides these geometries, the de-
magnetization factors for various two-dimensional arrays of
magnetic materials [7] as well as for cylinders [8] have also
been calculated numerically, and the influence of demagne-
tization for nano-sized materials has also been investigated
[9].
For a powder of randomly packed spherical particles, Breit
[10] and Bleany [11] have both shown that the demagnetiza-
1Also known as rectangular parallelepiped or simply rectangular box.
tion factor may be expressed as
N =
1
3
+ f
(
Dz− 13
)
(2)
where Dz is the demagnetization factor of the geometrical
shape of the powder sample itself and f is the relative density
or packing fraction. It is assumed that the spheres are all
uniformly magnetized. In the limit of full density, Eq. (2)
reduces to the demagnetization factor of the geometry of the
sample. In the case of very low packing density, where the
spheres do not interact magnetically, the demagnetization
factor reduces to 1/3, which is that of an isolated sphere.
There is no experimental or numerical verification of Eq. (2)
for intermediate packing fractions. Also, it is not known if
Eq. (2) is correct for e.g. powders with different particle
size distributions or particle shapes, nor if the spheres are not
uniformly magnetized.
Knowing the demagnetization factor for randomly packed
spheres is important when characterizing magnetic materials,
where the samples often come in the form of loose powders.
Containers of tightly packed spheres are also frequently used
in e.g. magnetic refrigeration devices, where they are sub-
jected to an alternating magnetic field [12]. To accurately
model this process the average demagnetization factor of the
packed spheres must be known.
Here we present numerical modeling results of the mag-
netization of packed spheres with different particle size distri-
butions and sample aspect ratios. The objective of this study
is to compare Eq. (2) to the actual demagnetization factor
calculated, when the simplifying assumption of constant mag-
netization is dropped, i.e. as would be the case in real world
materials.
We consider three different particle size distributions for
the packed spheres; monodisperse, normal and log-normal.
The normal and log-normal particle size distributions are in-
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cluded as powder and particle preparation techniques can
result in both distributions [13]. The size of the monodisperse
particles are equal to the average particle size of the normal
distribution and the mode of the log normal distribution. The
latter two distributions have a standard deviation and skewness
of one, respectively.
For each of the different distributions three different as-
pect ratios of the sample container are considered; 1, 1.5 and
2. For each set of particle size distribution and aspect ratio,
seven different relative densities of the powder samples are
considered. We consider relative densities in the range 0.4-
0.6, as this is the corresponding range for very loose to tightly
packed powders. A sphere packing generated by slow set-
tling in a fluidized bed produces a density of 0.56; dropping
spheres into a container results in a density of 0.6-0.61 [14].
The lower densities considered are for magnetic powders sus-
pended in a non-magnetic matrix, e.g. in an organic slurry
used for tapecasting magnetic structures [15].
All length scales are given in arb. units, as magnetostatics
problems are scale invariant, i.e. if all dimensions are scaled
by the same factor the magnetic field in a given position will
be the same if this position is scaled as well. This means that
quantities such as the average internal field in a scaled volume
of space will be the same, and therefore the length unit is
arbitrary. We only assume that domains and domain walls are
much smaller than the macroscopic size of the spheres, thus
the results are not applicable to nano-spheres [9]. The results
will thus be applicable to most systems of packed spheres,
albeit one usually considers spheres in the sub-millimeter to
millimeter range, packed into a powder. While the magneto-
statics problems are invariant in scale for the same systems,
the internal scales in a sample might have an influence on the
magnetic response of the sample. Therefore, it is important
to investigate the response of samples with different particle
size distributions.
The powder samples used for calculating the demagneti-
zation factor have been generated by simulating the pouring
of spherical particles of different particle size distributions
into a cubic container consisting of 200× 200× nz voxels,
where nz is equal to 200, 133 and 100 for the three different
aspect ratios considered here. The aspect ratio is thus defined
as nx/nz. The number of particles in a given powder sample
varies between 200 and 1000, with the number being lowest
for the log-normal distributions with an aspect ratio of 2.
The numerical code used to simulate the pouring and
packing of the spherical particles is a modified version of the
Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) code, available as open source from Sandia Na-
tional Laboratories. A random seed is used in the generation
of the poured spheres, meaning different powder samples can
be generated for the same distribution parameters. In order
to simulate powders with different porosities, small ”pore
former“ particles with a radius of half the size of the monodis-
perse particles were added to the poured spheres. After the
simulated pouring, these particles are removed, leaving be-
nx=200 ny=200
nz
Happl
Figure 1. [Color online] The powder of packed spherical
particles with a normal distribution and with a relative density
of the powder sample of 0.52. All spheres have been given a
unique color. The aspect ratio of the sample is 1. The
dimensions of the sample have been indicated, as well as the
direction of the applied field, which is along nz.
hind pores and thereby increased porosity. An illustration of
the powder sample with an aspect ratio of one and a normal
distribution of spheres with a density of 0.52 is shown in Fig.
1.
For each set of particle size distribution, aspect ratio and
porosity, twenty different packed sphere powders have been
generated in order to calculate the statistical uncertainty on the
computed demagnetization factor. The demagnetization factor
has been computed using the commercially available finite
element software tool Comsol Multiphysics [16]. The system
modeled is a static problem in magnetism, i.e. magnetostatics.
The equation solved is the magnetic scalar potential equation,
which is a Laplace’s equation,
−∇ · (µ0µr∇Vm) = 0 , (3)
where µ0 is the permeability of free space, µr is the relative
permeability, which in all cases is assumed to be constant
and isotropic, and Vm is the magnetic scalar potential from
which the magnetic field can be found as −∇Vm +Happl =H,
where Happl is the applied magnetic field, assumed here to
be µ0Happl = 1 T in the direction along the height of the
sample container, as also shown in Fig. 1. The above equation
is solved on a finite element mesh and the solver used is
Pardiso which is a parallel sparse direct linear solver [17; 18].
The computational volume is chosen large enough that the
boundaries do not affect the calculations.
The spherical particles are modelled as linear materials
with a constant µr. We have found numerically that for such
materials the demagnetization factor, N, is independent of the
applied magnetic field, and thus independent of the actual
value of the magnetisation at a given applied field. This
means that the demagnetization factor will only depend on
the response of the magnetization to the applied field, i.e. to
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χd = ∂M/∂Happl. As the applied field is increased χd for a
ferromagnetic material will decrease towards the saturation
value of zero. Approaching saturation the value of χd changes
slowly, making it a reasonable approximation to model the
materials as being linear. In the results presented below, a
constant relative permeability of µr = 2 has been chosen. This
is close to the permeability of gadolinium at room temperature
in a 1 T field [19], making the calculated results applicable
to e.g. magnetized beds of packed spheres of gadolinium.
Indeed, at an applied field of 1 T the permeability of most
ferromagnetic materials is of this order. The effect of varying
the value of µr will be considered subsequently.
Estimating the relative density or packing fraction of the
generated powder samples is not trivial. While the relative
density will be homogeneous throughout most of the sample,
it will decrease near the edges due to the surface effect. Here
the relative density has been taken to be the relative density in
the central part of the sample, taken here to be the inner 80%
of the volume of the sample. Thus the effect of the surface on
the density of the sample is ignored.
The calculated average demagnetization factor, N, is shown
in Fig. 2 for the three different particle size distributions as
function of relative density. The error bars indicate the stan-
dard deviation of both the porosity and the calculated demag-
netization factor for the twenty different samples with the
same particle size distribution, aspect ratio and porosity. As
can clearly be seen from the figure, the calculated demagneti-
zation factors very closely follow the trend of Eq. (2), where
the Dz factor is calculated using the approximate analytical
expression for the demagnetization of a cuboid [2]. Also, the
demagnetization factor does not appear to be a strong function
of the particle size distribution, at least for the distribution
widths considered here. This is important experimentally, as
real powder samples almost always have a particle size dis-
tribution of some width. The slight deviation from Eq. (2)
could be caused by the assumption in the derivation of Eq. (2)
that the spheres are all uniformly magnetized, which is not
the case in the modeled sample.
It is important to evaluate whether the deviation from Eq.
(2) can be caused by the magnetization inside the individual
spherical particles being non-homogenous. This is also impor-
tant as some physical properties of the particles, such as e.g.
the magnetocaloric effect, depends on the internal field in the
spheres. The normalized standard deviation, σ , of the mag-
netization, M, has been calculated inside every single sphere
and will be termed ηindividual. The overall normalized stan-
dard deviation of the magnetisation within each of the powder
samples is likewise termed ηpowder. The standard deviation
of the magnetization for the individual particles is around
ηindividual = (5±1.4)% for all powders, with the spread being
largest for the log-normal distributions. For the powder sam-
ple as a whole the standard deviation of the magnetization is
around ηpowder = 6.0%−6.7%. Thus the magnetization can
be considered to be fairly uniform in the powder for µr = 2.
However, the standard deviation could be responsible for the
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Figure 2. [Color online] The demagnetization factor as
function of relative density for the monodisperse, normal and
log-normal distributions considered, for different aspect
ratios. The error bars are the standard deviation calculated for
the twenty different samples with the same particle size
distribution, aspect ratio and porosity
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Figure 3. [Color online] A slice through the center of the
sample with a normal particle size distribution with a relative
density of 0.55. The color indicates the magnetization times
the permeability of free space, µ0M.
deviation from Eq. (2) that was seen in Fig. 2. The unifor-
mity of the magnetization can be seen for one of the powder
samples in Fig. 3.
Both the analytical expression for the demagnetization
factor of a cuboid, as well as the expression for a powder of
packed spherical particles, assumes the magnetization to be
completely parallel to the applied field. While this is a good
approximation for low values of the relative permeability, the
calculated demagnetization factor can be substantially differ-
ent for high values of the relative permeability. In ferromag-
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Figure 4. [Color online] The demagnetization factor as
function of the relative permeability, µr, for the highest
density monodisperse, normal and log-normal distributions
considered, for different aspect ratios.
netic materials below the Curie temperature the permeability
is initially high at low applied magnetic fields, decreasing as
the material gets closer to saturation. Shown in Fig. 4 is the
demagnetization factor as function of the relative permeabil-
ity. The demagnetization factor is calculated using the scalar
and averaged version of Eq. (1) for a single of the twenty
samples with the highest density considered above, for all
distributions and aspect ratios. As can clearly be seen, the
demagnetization factor decreases significantly the higher the
value of the relative permeability, until a constant value is
reached for µr > 100. This is also observed for demagnetiza-
tion of cylinders [8]. Thus the correction for demagnetization
in order to find the average magnetization is not purely given
by Eq. (2), and the deviation observed in Fig. 2 could in part
be caused by the chosen value of µr = 2, which will reduce
N slightly. A significant non-uniformity of the magnetization
inside the sample is also present when µr increases. For all
samples the normalized standard deviation increases to≈ 35%
at µr = 1000, following a curve similar to the curves in Fig.
4, except increasing.
In conclusion, we have calculated the demagnetization
factor for a powder sample of packed spherical particles with
monodisperse, normal and log-normal particle size distribu-
tions for different porosities and sample aspect ratios. The
demagnetization factor is not a function of applied field, but
only the change in magnetization with respect to field, i.e.
χd. For a relative permeability of 2, which is comparable to
that of Gd at room temperature at an applied field of 1 T, the
calculated demagnetization factor is close to the theoretically
predicted value. The demagnetization factor does not appear
to be a function of particle size distribution. The magneti-
zations both inside the individual spheres, as well as for the
whole sample, have normalized standard deviations of 5 and
6.0%-6.7%, respectively. Relative permeabilities larger than
2 were also analyzed, finding that the demagnetization factor
decreases significantly for high values of the permeability,
while the standard deviation of the magnetization increases.
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